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« Example statistics:
- Average # connections (degree)
- Number of cycles
— Other subgraph counts

 Community structure
- Block models
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Bipartite, biregular random graph model

///m
Vi <

n vertices

« THQ

Fixed d’s (as n grows) mean these graphs are very sparse
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Feng & Li, Li & Solé (1996)




Our main result
Recal: \1 = Vdids, Ao >\/di —1++/dy—2—¢€

0 X
X* 0
random graph G ~ G(n,m,di,ds). Without loss of generality, assume di > da or, equivalently,
n <m. Then:

Theorem (Spectral gap). Let A = ) be the adjacency matriz of a bipartite, biregular

(i) Its second largest eigenvalue n = Aa(A) satisfies

n<Vdi—1++\/da—1+¢,
asymptotically almost surely, with €, — 0 as n — oo.
(ii) Its smallest positive eigenvalue nt. = min({\ € o(A): X > 0}) satisfies
Monin = Vi —1—+/dy —1—¢;

asymptotically almost surely, with €, — 0 as n — oo. (Note that this will be almost surely
positive if dy > da; no further information is gained if dy = dy.)

(iii) If dy # da, the rank of X is n with high probability.
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X
Theorem (Spectral gap). Let A = ( )?* 0 ) be the adjacency matriz of a bipartite, biregular

random graph G ~ G(n,m,di,ds). Without loss of generality, assume di > da or, equivalently,
n <m. Then:

(i) Its second largest eigenvalue n = Aa(A) satisfies
n<vdi-1+Vd-1+¢  Attains Alon-Boppana

asymptotically almost surely, with €, — 0 as n — oo.
(ii) Its smallest positive eigenvalue nt. = min({\ € o(A): X > 0}) satisfies
'r;;:in >\d—1—+/dy—1—¢"

asymptotically almost surely, with €, — 0 as n — oo. (Note that this will be almost surely
positive if dy > da; no further information is gained if dy = dy.)

(iii) If di # da, the rank of X is n with high probability.

First result of this kind for rectangular matrices,
conjectured to hold for d-regular adjacency w/ d > 2
by Costello & Vu (2008)



Non-backtracking theorem

Theorem If B is the non-backtracking matriz of a bipartite, bireqular random graph G ~
G(n,m,d1,d2), then its second largest eigenvalue

A2(B)| < ((d1 — 1)(d2 — 1))* +

asymptotically almost surely, with €, — 0 as n — oo. FEquivalently, there exists a sequence €, — 0
as n — 0o so that

P [|A2(B)| — ((d1 = 1)(dp — 1))1/4 > en} 50 as n—00.

Main result follows from this
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1) Look at non-backtracking matrix B o —

2) Subtract leading eigenspace: B =B — S
3) Use moments to bound matrix norm:

E(||B*) <E (T (B)(B)")")

- J/
h'd

Trace depends on diagonals of this matrix

Diagonals = non-backtracking circuits

4) Leading order is from circuits that are trees
5) Relate spectra of B and A (lhara-Bass formula, “zeta” function)



Graphical depiction of the spectra
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lhara-Bass: o(B) = {1} J{\: D — AA + )\’I is not invertible}



So, wouldn’t it be simpler to work with A directly?

e But it doesn’t work. Take d-regular example:

Goal: Ir (A — g11*>k <n (2\/ﬁ‘|‘ 0(1))k

n

k
But: ETr (A — g11*> > dkP(Q) > dkp=°

n

Event = existence of isolated K,
occurs with non-negligible prob.

Following Bordenave (2015), Friedman



Reason: “Tangled” paths

» Elucidated by Friedman, Bordenave

e ’sz& e ’Y;rk;—l) f e ’Yle/_\

V2k+1 w Y2k+1

I-tangle-free: all I-neighborhoods contain at most one cycle
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“Tree-like property”

Proof following Lubetzky & Sly (2010)
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1) Configuration model: random matching of half-edges
2)Consider depth i exploration of neighborhood
3)At most di*! half-edges to match here
4)Consider event A, : k™ edge in depth i - cycle
candidates
(k—1)(d—-1) d*(d—-1) da*!
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nd —2d't1 7 nd —2dt1 T n
total unmatched

Finish with following & union bound over vertices

£—1 my

4641
P(By(v) is not £-tangle-free) =P (ZZA”C > 1) Bz 1y (d ; ) -0 (n—3/2)
n

i=1 k=1

P(A; k) <




How this appears in the proof:

—0

w
S

« We form a bound for this:

E (|B'|**) < E (T (B)(B)")") @4 5/}

~
Count non-backtracking circuits of diff types
Weight by expectation

Use tangle-free property

e

o
O-£—
8

log(n)
log(log(n))

Example: k=1=2

¢ <clog(n), k=
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OK: on to applications of the gap

e Spectral “gap” is large — good expansion
« Many applications:
- Mixing rates of Markov chains
- Community detection via spectral clustering
- Error correcting codes constructed from graphs

Matrix completion
« Common tool, the expander mixing Lemma:

E(A,B) _|AlBl| _| A |Al| B||A<|| B¢
~ Wdids (nm)?

|E| nm

A proof in: De Winter, Schillewaert, Verstraete (2012)



Matrix completion

Observed Find

Data points are “edges” in the graph:

(1,j) € E <= entry (i,j) is observed



Expansion Is related to complexity

Solve the problem:

miniXmize Yo (X)

subject to  X;; =Y, (4,7) € F,

V) — : . o < ||V
where 72(Y) = min maxju;ll2 [[v;ll2 < [I¥].

So, if observations from (d,, d,)-regular graph:

1 -~ Ao
%HY — Y7 <729 (Y)

d1ds

Extends & improves result of Heiman, Schechtman, Shraibman (2014)




Conclusions

* Proof that bipartite biregular graphs have large gap
“Ramanujan”
- (Hopefully) simpler to understand than in past
« Surprising side result; full rank matrix X in 4 = ( o )
» Highlighted some nice applications:

- Mostly showing how knowing gap yields explicit bounds
« Community detection in general
 LDPC error correcting codes
e Matrix completion

- New result for rectangular matrix completion



Thank you
for listening!

. .



	Slide 1
	page2 (1)
	page2 (2)
	page2 (3)
	page2 (4)
	page2 (5)
	page2 (6)
	page3 (1)
	page3 (2)
	page4 (1)
	page4 (2)
	page4 (3)
	page4 (4)
	Slide 14
	page6 (1)
	page6 (2)
	page6 (3)
	page6 (4)
	page6 (5)
	page6 (6)
	page6 (7)
	page7 (1)
	page7 (2)
	page7 (3)
	Slide 25
	page9 (1)
	page9 (2)
	page9 (3)
	page9 (4)
	page9 (5)
	page9 (6)
	Slide 32
	Slide 33
	Slide 34
	page13 (1)
	page13 (2)
	page13 (3)
	page13 (4)
	page13 (5)
	page13 (6)
	page13 (7)
	Slide 42
	page15 (1)
	page15 (2)
	page15 (3)
	page15 (4)
	page15 (5)
	page15 (6)
	page15 (7)
	page15 (8)
	Slide 51
	Slide 52
	Slide 53
	Slide 54

